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Abstract This paper presents an automatic method to reconstruct a spline
surface from z-map data. Z-map [Choi et al. 1997] is a discrete rep-
Surface fitting refers to the process of constructing a smooth repre-resentation in which the height values at grid points on the domain
sentation for an object surface from a fairly large number of mea- plane are stored as a two-dimensional array (see Figure 1). It is
sured 3D data points. This paper presents an automatic algorithma simple and yet versatile model for representing various data. For
to construct smooth parametric surfaces using T-splines from z-mapexample, the z-map data is a typical representation of the range data
data. The algorithm begins with a rough surface approximation and arranged in the form of an image, which is obtained by image cap-
then progressively refines it in the regions where the approximation turing devices and represents depth information of the real object
accuracy does not meet the requirement. The topology of the re-along a direction. As a result, z-map is widely used in free-formed
sulting T-spline surface is determined adaptively based on the local object styling, NC machining, GIS, and computer vision.
geometric character of the input data and the geometry of the con-
trol points is obtained by a least squares procedure. The advantage
of the approach is that the resulting surfac€%scontinuous and
the refinement is essentially local, resulting in a small number of
control points for the surface.

CR Categories: 1.3.5 [Computer Graphics]: Computational Ge-
ometry and Object Modeling—curve, surface, solid and object rep-
resentations;

(2277
Keywords: T-splines, z-map models, adaptive fitting, surface re- LLLLLLLL L LS
construction

1 Introduction Figure 1: Z-map model

With development of data imaging and acquisition devices such as  There is a vast amount of literature addressing the problem of re-
coordinate measuring machines and laser range scanners, the SUkonstructing free-form surfaces from measured data [Schmitt et al.
faces of real objects or models can be easily measured or scanned; 9gg: Solina and Bajcsy 1990; Franke and Nielson 1991; Sakar and
outputting highly precise and regular measurement data in large \jenq 1991; Muraki 1991; Hoppe et al. 1992; Chen and Schmitt
quantities [Blais 2004]. This naturally raises the problem of how 1994; Forsey and Bartels 1995; Park and Kim 1995; Chivate and
to process such data for research or applications. Jablokow 1995; Jang et al. 1999; Carr et al. 2001]. The reader is
Spline surfaces are the major representation of freeform surfacesreferred to [Franke and Nielson 1991] and [Chivate and Jablokow
in CAD/CAM industry. Spline surfaces have parametric equations 1995] for excellent surveys. Among the previous work where the
and can define the differential structure for shape analysis. There-syrface description models used could be triangular meshes, tensor-
fore in many applications such as manufacturing industry, it is de- product spline surfaces, triangular splines, superquadrics, il rad
sirable to reconstruct the spline surface representation from 3D dis-pasis functions and the measured data could be range data, triangu-
crete models [Krishnamurthy and Levoy 1996; Lee et al. 1997]. |ar meshes, irregular data or bivariate data, some focused onaurfac
While the interpolation method might be used to create a represen-approximation to z-map data points. For example, Jang et al [1999]
tation that is inefficient in both computing and storage for this task, proposed an approximation method using Gregory patches. The
approximating or fitting methods are preferred because they createGregory patches were constructed with a constraint thatren-
a more compact representation for the shape, which needs only &inuity condition was ensured. Lee et al [1997] introduced mul-

small number of points. tilevel B-splines to compute @2 continuous interpolation or ap-
proximation surface to a set of irregularly spaced bivariate points.
*e-mail: asjmzheng@ntu.edu.sg Their method could be used to fit z-map data. In this paper, we
Te-mail: wang0066@ntu.edu.sg propose to use T-splines for fitting to z-map data. T-splines [Seder-
¥e-mail: ashsseah@ntu.edu.sg berg et al. 2003; Sederberg et al. 2004] are a new surface modelling

technique that generalizes tensor-product non-uniform rational B-
spline (NURBS) surfaces by permitting T-junction points in their
control grid. We choose to use T-splines for two reasons: (1) T-
spline surfaces allow local refinement, which makes them a suit-
able tool for adaptive fitting. It is thus possible to use a small num-
ber of points to represent the fitting surface. (2) T-spline surfaces
automatically maintait©2 continuity and are able to be converted
into the NURBS representation. This enables the output of com-
pact NURBS surfaces for use with existing commercial software
systems.

The rest of the paper is organized as follows. Section 2 gives a



brief overview of T-splines. Section 3 describes the adaptive fitting
algorithm. Section 4 provides some implementation results. The
conclusion with future work is drawn in Section 5.

2 T-splines

A T-spline surface is a NURBS surface with T-junctions and is de-
fined by a control grid called T-mesh. The T-mesh is similar to a
NURBS control mesh except that in a T-mesh a row or column of
control points is permitted to terminate. The final control point in
a partial row or column is a T-junction. The T-junctions enable T-
spline surfaces to be refined locally. That is, it is possible to add
a single control point to a T-spline control grid without propagat-
ing an entire row or column of control points and without altering
the surface. The T-mesh is also associated with knot information
of the T-spline, which is expressed using knot intervals indicating

Figure 2: An example of a T-spline: the pre-image, the T-mesh and
the surface.

the difference between two knots and assigned to the edges of the Local knot insertion algorithm

T-mesh. Refer to Figure 2 for an example of a T-spline. The left

shows the pre-image of the T-mesh in the parameter domain, and 1) Insertnew control point(s) into the T-mesh.

the right shows the T-mesh and the surface. The equation for a

T-spline surface is
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where theR are control points and thg are control point weights.
The T-spline basis function corresponding to control pdints
Bi(s t):

Bi(s,t) = N[s|(s)N[ti](t) &)
whereN|[s](s),N[tj](t) are the cubic B-spline basis functions asso-
ciated with the knot vectors

S = [S50,51,52,53,S4] 3

and
ti = [tio, tix, ti2, i3, tia] (4)
respectively. For example,
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The knot vectors; andt;j are extracted from the T-mesh neighbor-
hood of B. The details on T-splines can be found in [Sederberg
et al. 2003; Sederberg et al. 2004].

2.1 Local refinement

One of the most fundamental operations in T-splines is local refine-
ment or local knot insertion, which means to insert one or more
control points into a T-mesh without changing the shape of the T-
spline surface. The algorithm of inserting new control point(s) can
be described as follows:

2) If any basis function is missing a knot inferred from the cur-
rent T-mesh, perform the necessary knot insertions into that
basis function.

3) If any basis function has a knot that is not indicated in the

current T-mesh or can not find a corresponding point in the

current T-mesh, add an appropriate control point into the T-

mesh.

4) Repeat steps 2) and 3) until there is no new operation. Now

every basis function properly associates with a control point

in the T-mesh.

The basic idea of the above algorithm is to maintain the validity of
the T-mesh and to ensure that the basis functions and the control
points are properly associated. The formulae for the basis function
refinement can be found in [Sederberg et al. 2004].

2.2 Standard T-splines and semi-standard T-splines

In general, a T-spline surface is a rational surface exceptitis a stan-
dard T-spline or semi-standard T-spline. A standard T-spline is one
for which, if all weightsw; = 1, thenz!‘zlwi Bi(s,t) = 1. A semi-
standard T-spline is one for whichk_; wiBj(s,t) = 1 and not all

w; = 1. An important property of T-splines is that if we perform a
local refinement on a semi-standard or standard T-spline, the result
will always be a standard or semi-standard T-spline. Both standard
and semi-standard T-splines define piecewise polynomial surfaces.

3 Adaptive surface fitting

Assume the z-map data is given in the forme@f j), i =1,---,m,
and j = 1,---,n. Together,(i, j,z(i,j)) gives the bivariate data
point. The independent data j) is 2D and the dependent data
Z(i, j) is a simple scalar. Thus the fitting problem is to find a T-
spline functionf (x,y) such that the surfacg,y, f(x,y)) approxi-
mates the bivariate data, where

_ YK fiwBi(x,y)
ZE(:]_Wi Bi (X7 y) ’

This involves determining the topology of the T-mesh and finding
the values off; andw;.

Our method begins with a bicubic B-spline surface grid as the
initial setting of the T-mesh topology. This implies that the surface
is actually a standard T-spline. Then an optimization is performed

f(xy) xe[L,m], je[1,n] (5)



to compute the best T-spline surface corresponding to the specifiedwe would like to include a fairness functiongl; (f) into the ap-

T-mesh topology for approximating the data. The surface is tested proximation to generate a fair surface. Thus the optimization prob-

to decide if it is sufficiently close to the underlying data. If the test- lem becomes the minimizing of the following objective function:

ing is passed, the surface is accepted. Otherwise, it undergoes the m oo

next phase of local refinement, which refines the T-mesh to gener- . .

ate a new topology, and goes back to the optimization phase. The G(fy, - fi) = Z\ l(f(" D =20,0)%+ o3 () (D)

process continues until the final surface is accepted. Figure 3 shows !

the flowchart of the procedure. We explain the details below. whereg is a non-zero constant somehow measuring the tradeoff be
tween fairing and approximating. A largemwill lead to a more fair

‘ surface and a smaller will give a more accurate approximation.
Usually g is chosen to be between 0.01 and 0.1.

There are a few choices for the fairness functionals [Celniker and

‘ Gossard 1991]. Considering the low computational complexity, we

choose the simple (discrete) thin plate energy functional:

‘ Initialization

‘ Optimization phase

Irair(f Zz(f3x|1+zfxy< D+3.0) @

‘ Checking phase ‘

To solve the optimization problem, we differentiate the objective
ves function with respect tdq and equate the partial derivative to zero.

'4» This leads to
no |21W|_zllzl(B|(|7J)Bg(l7J)+U(B|XX(I7J)BQXX(I7J)
= i=1j=
+2Bixy (i, J)Bgxy(i, J) + Biyy (i, J)Bayy(i, 1)) i

Refining phase mn ..
= =2, 2, 20Dl )

Figure 3: The flow chart of the adaptive fitting procedure

forg=1,---,k whereBjy = N X‘] X Ny)](y) is the second order

partial derivative oB; with respectlve tX, Bjyy = % dN[y'y](y)

is the mixed partial derivative d&, with respective toc andy, and
the others are similarly defined. If we introduck a k matrix A =
(agl), twok x 1 matricesC = (cg) andF = (fg) with

3.1 Initialization

The initial surface is chosen to be a bicubic B-spline patch over
the rectangular domaifiL, m| x [1,n]. Choose the knot vectors
along thex— andy—directions to bg —1,0,1,m,m+1,m+ 2} and ag = W z z (Bi(i, ))Bg(i, ) + 0(Bixx(i, j)Byxx(i, i)
{-1,0,1,n,n+ 1,n+ 2}, respectively. In the parameter domain i=1j=1

these knots form a pre-image of the control grid of the surface. Let

us denote the pre-image By We also let all control point weights +2Bixy (i, 1)Baxy(i, J) + Biyy (i, ])Bayy(i, i)))

be one. Denote bW the set of all weights corresponding to the 9)
control points. TherD andW define a class of T-splines that have and

the same pre-imagP and the same weight&/. We denote this i)Bqy(i. ), (10)
class byS. Each surface iisis a standard T-spline no mater what ZL ol

values the control points are. ) ] ]
then the above linear equations can be writteARRs= C. Solving

the linear system using standard numerical methods such as Gaus-
3.2 Optimization phase sian elimination gives the solutiof = A~1C, which defines the
T-spline surface.
Consider the clasS of T-splines that are determined by pre-image
D and weight seW. The pre-image® and the weight selv are 3.3 Checki h
the ones either given in the initialization or produced by local re- ~* ecking phase
finement of the initiaD andW. We seek to find the T-spline i§ Once the surface is computed, it should be checked if the result is
which best fits the data under a certain criterion. Itis important to satisfactory. A simple way is to test whether the vertical distance
note that any T-spline i8is a standard or semi-standard one. This from each point in the z-map database to the surface is below a
is because the initial clasggiven in initialization consists of only given tolerance. If all these distanddsi, j) — ( j)| pass the test,
standard T-splines and our local refinement algorlthm converts athe surface is accepted. Otherwise, the regions with poor approxi-
standard T-spline into either a standard or a semi-standard T-spline.mation are marked for further processing.
Therefore the denominator of any T-splineSris identically one The phase also compares the maximum distance against the one
and we only need to focus on the numerator: obtained in the previous iteration. In some situations, though the
objective function becomes smaller, the maximum distance does
k . not improve substantially due to complicated distribution of data.
f(xy) = zi fiwiBi(xy), xe€[Lm], je[ln] (6) We need to adjust the parameterto make the error term in the
= objective function contribute more. Specifically, if the maximum
distance is not decreased by a fagiothen we decrease the param-
We thus try to findf; such thaty["; 5% (f(i, j) — (i, j))? is etero by a factorn. Both u andn are constants falling between 0
minimized. This is a least-squares approximation. More generally, and 1. In our implementation, we get= 0.9 andn = 0.2.
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Figure 4: The input data and the output data from the resulting T-spline.

Since there always exists a bicubic B-spline surface interpolating 4  Implementation results
the z-map data and giving the approximation error of zero, the trick
of decreasing the value af ensures the convergence of the itera- To test the algorithm, we have created a set of z-map data by evenly
tions. Moreover, in the extreme case wheres set to zero and the ~ sampling the function
tolerance is equal to zero, at mdst+ 2) x (n+ 2) control points
are needed because they are sufficient to define a bicubic B-spline . 400
surface interpolating those z-map data points. This implies that the f(xy) =5-"5sin ( (Xx— 312+ (y_102+ 392)
algorithm will find the surface in a finite number of steps.

within the domain[1,51] x [1,21]. The step-length was 1 and the
z-map data thus contained 5121 = 1071 points. Figure 4(left)
shows a mesh formed by these points.
An approximate T-spline surface was computed for tolerance
. = 0.07 ando = 0. After the resulting surface was obtained, we
3.4 Refining phase sampled it with the step-length of 1. The sampled points formed
a mesh which is shown in Figure 4(right). Figure 5 shows the T-
) ) o ) ) mesh and the corresponding T-spline surface. The T-spline surface
When a region contains a violating point at which the approx- nrovided a visually exceller®2 continuous approximation to the
imation error is greater than the tolerance, this region is called ;_ a5 data. We also checked the approximation errors between the
an offending region. The violating point could be inside the re- 1_gp|ine surface and the original functid(x, y) at denser sampling
gion or on the border of the region. For offending regions, our gata points. All the errors were below the tolerance 670
strategy is to split them. While there are several different ways s T_spline surface was created after eight iterations of fit-
to split regions, we follow the principle that an offending region  n4 At the first iteration, the T-mesh consisted of 4 control
should, in general, be split roughly in half in the direction which  5ints “Each of subsequent iterations refined the previous T-mesh
the_regl_on has a larger knot difference. Specifically, assume the by adding more control points. The pre-image of the T-mesh at
region is bounded by a box whose lower-left comer has coor- gych jteration is shown in Figure 6.a-h. Eventually, the final T-
dinates(smin, tmin) @nd whose upper-right comer has coordinates eqh contained 521 control points. Observe Figure 6. The first few
(Smax; tmax)- If Smax— Smin > tmax— tmin, then we split the region at pre-images look more like global refinements. This suggests that
$= [(Smax+ Smin) /2] If Smax— Smin < tmax— tmin, then we splitthe i gome situations aM x N (M, N > 4) rather than 4 4 bicubic

rﬁgion att :h[(tmf”fﬁtmi”.)/zl'. In Cas? both tr?e knoft diﬂel(ences are  B.spline surface could be used in the initialization step in order to
the same, then either direction could be chosen for splitting. speed up the computation.

The actual splitting of a face is accomplished by performingalo- __We have also applied the method to range data, which has
cal refinement in which the two endpoints of the line segment used 20 20 points. The range data is displayed in Figure 7(left) and
to split the region are inserted into the T-mesh using the T-spline’s @ Mesh formed by the range data is also displayed on the right for
local knot insertion algorithm. The knot insertion algorithm might @ cléar view. We chose the tolerane.07. We tested the method
introduce a few additional points into the T-mesh. After the refine- for o =0 ando = 0.05. The algorithm stopped after six iterations
ment is finished, a new T-mesh topoloByand the corresponding for both situations with the maximum errors 00@ and 0068. The

weight setV are specified. What remains to define a T-spline sur- Pre-images are displayed in Figure 8. The T-meshofer 0 con-
face is to determine the control points. tains 269 control points and is shown in Figure 9(left). Note that

one control point at coordinat€4,20) has a very large— value
Note that in the above approach we insert those splitting points and therefore the figure is displayed in unconstrained scaling. The
that correspond to certain z-map data points and are not the exist-T-mesh forg = 0.05 contains 257 control points and is shown in
ing control points. If an offending face contains no such splitting Figure 9(right). The T-spline surfaces for= 0 ando = 0.05 are
points, there is no way to split the face. In case all offending faces shown in Figure 10. These two figures are created by tessellating
are not able to be split, we arbitrarily choose a point in the whole the T-spline surfaces with tessellation ste.5. Figure 10(left)
domain for insertion, which corresponds to a certain z-map point is also displayed in unconstrained scaling. It should be pointed out
and is not an existing control point. that if we tessellate both T-spline surfaces with tessellation=step
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Figure 5: The T-mesh and the T-spline surface.
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Figure 6: The pre-images for iteration 1-8.



then the figures look almost the same as Figure 7(right). This means
both T-spline surfaces satisfy the tolerance requirement. Obviously,
the surface foo = 0.05 is much smooth or fair.

14161820
TT78 6 1912

Figure 7: The range data and the mesh formed by the range data.

=0

Figure 8: The pre-images of the resulting T-meshesfet 0 and
0.05.

Figure 9: The T-meshes far = 0 and 005..

5 Conclusions

We have described an algorithm of constructing a (standard or semi-

100

an arbitrarily topological triangular mesh. This is currently under
investigation.

Note that our approach to finding the control points of the T-
spline is global in that all the control points have to be re-computed
by the least squares method at each iteration. The advantage of
this approach is that for the specified T-mesh topology, the T-spline
surface obtained is optimal in the—norm. The disadvantage is
that the computation could be time-consuming, especially when the
number of the data points is huge. Therefore the problem of how to
develop an adaptive, local fitting algorithm warrants future study.
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