
Chapter 5

Properties of Blending Functions

We have just studied how the Bernstein polynomials serve very nicely as blending functi ons. We
have noted that a degreen B«ezier curve always begins at P0 and ends at Pn. Also, the curve is
always tangent to the control polygon at P0 and Pn.

Other popular blending functions exist for deÞning curves. In fact, you can easily make up your
own set of blending functions. And by following a few simple rules, you can actually create a new
type of free-form curve which has desirable properties.

Consider a set of contr ol points P i, i = 0, ..., n and blending functi ons fi(t) which deÞne the
curve

P(t) =
n∑

i=0

fi(t)P i.

We canselect our blending functi onssuch that the curvehasany or all of the following properties:

1. Coordinate system indep endence. Thi s means that the curve will not change if the
coordinate system is changed. In other words, imagine that the contr ol points are drawn on
a pieceof paper and we move that piece of paper around so that the (x, y) coordinates of the
control points change. It would be nice if the curve did not change relative to the control
points. Actually, if we were to pick an arbitrar y set of blending funct ions, the curve would
change. In order to provide coordinate system independence, the blending functions must
identically sum to one:

n∑

i=0

fi(t) ≡ 1.

2. Convex hul l prop er t y . The convex hull property was intro duced in Secti on 2.5. This
propert y exists in curves which are coordinate system independent and for which the blending
functions are all non- negative:

n∑

i=0

fi(t) ≡ 1; fi(t) ≥ 0, 0≤ t ≤ 1, i = 0, ..., n

3. Symmet r y. Curves which are symmetric do not change if the contr ol points are ordered in
reverse sequence:

n∑

i=0

fi(t)P i ≡
n∑

i=0

fi(1− t)Pn! i.
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Thi s holds if
fi(t) = fn! i(1− t).

4. Var iation Dim inishing Prop er t y . Thi s is a property which is obeyed by B«ezier curvesand
B-spline curves. It states that if a given st raight line intersects the curve in c number of points
and the contr ol polygon in p number of points, then it will always hold that

c = p− 2j

where j is zero or a positive integer. This has the practical interpretation that a curve which

c=3

p=5

j=1

Figure 5.1: Variation Dimin ishing Property

obeys the variation dimin ishing property will ÒwiggleÓno more than the contr ol polygon.

The conditions under which a curve will obey the variation dimin ishing property are rather
complicated. Suffice it to say that B«ezier curves and B-spline curves obey this property, and
most other curves do not.

5. Linear Indep endence . It is very desirable that the blending functi ons are linearly indepen-
dent. If they are not linearly independent, then it is possible to express one blending function
in terms of the other ones. This has the practi cal disadvantage that for certain control point
arrangements, the curve collapsesto a single point.

6. Endp oin t In terp olati on If a curve is to passthrough the Þrst and last contr ol points, as in
the caseof B«ezier curves, the following condition s must be met:

f0(0) = 1, fi(0) = 0, i = 1, ..., n

fn(1) = 1, fi(1) = 0, i = 0, ..., n− 1.
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Timm erÕs Parametric Cubic 47

The B«ezier and B-spline curves are current ly the most popular curve forms. Histori cally, other
curve forms evolved independently at several different indust rial sites, each faced with the common
problem of making free-form curvesaccessible to designerswith out a mathematical background. In
th is secti on, we will review three such curves: Ti mmerÕsParametric Cubic, BallÕs Cubic, and the
Overhauser curve. Each of these curves is coordinate system independent and symmetric, but only
BallÕscubic obeys the convex hull property.

5.1 Timmer’s Parametric Cubic

Timm erÕs Parametr ic Cubic (or PC) was created by Harry Timmer of McDonnell Douglas [Tim80].
It was modeled after the B«ezier curve. Timmer felt that he could improve upon the B«ezier curve
if he could make it follow the control polygon more ti ghtly . This he did by forcing the curve to
interpolate the endpoints of the control polygon and to be tangent to the control polygon at those
points (just like B«ezier curves) and in additi on, he forced the curve to go through the midpoint of
the line segment P1 - P2. The resulting blending funct ions are:

f0(t) = (1− 2t)(1 − t)2 = −2t3 + 5t2 − 4t + 1

f1(t) = 4t(1− t)2 = 4t3 − 8t2 + 4t

f2(t) = 4t2(1− t) = −4t3 + 4t2

f3(t) = (2t− 1)t2 = 2t3 − t2

Figure 5.2: T immerÕsPC

Figure 5.2 may mislead one into thinking that Timm erÕscurve is tangent to P1 − P2. This is
not generally so (and is not exactly so even in th is example).
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48 BallÕsRational Cubic

5.2 Ball’s Rational Cubic

Alan Ball Þrst published his cubic curve formulation in 1974 [Bal74]. Ball worked for the British
Air craft Corporation, and his cubic curve form was usedin BACÕs in-houseCAD system.

Like TimmerÕsPC curve, BallÕscubic can be considered a variant of the cubic B«ezier curve.
ItÕsdistin guishing feature is that it handles conic sections as a special casein a natural way. The
blending functions for the non-rational caseare:

f0(t) = (1− t)2

f1(t) = 2t(1− t)2

f2(t) = 2t2(1− t)

f3(t) = t2

Notice that if P1 = P2, then the curve becomesa quadrati c B«ezier curve:

P0(1− t)2 + P12t(1− t)2 + P12t2(1− t) + P3t
2

= P0(1− t)2 + P1[2t(1− t)2 + 2t2(1− t)] + P3t
2

= P0(1− t)2 + P12t(1− t) + P3t
2

Figure 5.3: BallÕsCubic

5.3 Overhauser Curves

Overhauser curves were developed and used at Ford Motor Company [Ove68]. They are also known
as cubic Catmull -Rom splines [CR74].
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Overhauser Curves 49

One complaint of B«ezier curves is that the curve does not interpolate all of the contr ol points.
Overhauser curvesdo interpolate all contr ol points in a piecewise st ring of curve segments. A single
Overhauser curve is deÞned with the following blending functions:

f0(t) = −1
2
t + t2 − 1

2
t3

f1(t) = 1− 5
2
t2 +

3
2
t3

f2(t) =
1
2
t + 2t2 − 3

2
t3

f3(t) = −1
2
t2 +

1
2
t3

A single Overhauser curve segment interpolates P1 and P2. Furth ermore, the slope of the curve at
P1 is only a function of P0 and P2 and the slope at P2 is only a function of P1 and P3:

P "(0) =
1
2

(P2 − P0)

P "(1) =
1
2

(P3 − P1)

This meansthat a secondcurve segment will be tangent to the Þrst curve segment if its Þrst three
control points are identi cal to the last three control points of the Þrst curve. Thi s is il lustrat ed in
Fig. 5.4.
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50 Overhauser Curves

Figure 5.4: Overhauser curves
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