
Chapt er 6

B-Spl ine Curv es

Most shapesare too complicated to deÞne using a single B«ezier curve. A spline curve is a sequence
of curve segments that are connected together to form a single cont inuous curve. For example, a
piecewise collection of B«ezier curves, connected end to end, can be called a spline curve. Over-
hauser curves are another example of splines. The word ÒsplineÓis sometimes used as a verb, as in
ÒSpline together somecubic B«ezier curves.ÓIn approximation theory, spline is deÞned asa piecewise
polynomial of degreen whosesegments are Cn ! 1.

The word ÒsplineÓcomes from the ship buildi ng industry, where it originally referred to a th in
strip of wood which draft smen would use like a ßexible French curve. Metal weights (called ducks)
were placed on the drawing surface and the spline was threadedbetween the ducks as in Figure 6.1.
We know from structural mechanics that the bending moment M is an inÞnitely conti nuous functi on

Figure 6.1: Spline and ducks.

along the spline except at a duck, where M is generally only C0 continuous. Since the curvature of
the spline is proport ional to M (κ = M /E I ), the spline is everywhere curvature continuous.

Curvature continuit y is an important requirement for the ship build ing industry, as well as for
many other applications. For example, rail road tracks are always curvature conti nuous, or elsea
moving trai n would experience severe jolts. Car bodies are G2 smooth, or else the reßection of
straight lines would appear to be G0.

While C1 continuit y is straightforward to attain using B«ezier curves(for example, popular design
software such as Adobe Illustrat or use B«ezier curves and automatically imposetangent continuit y
as you sketch), C2 and higher conti nuity is cumbersome. This is where B-spline curves come in.
B-spline curvescan be thought of asa method for deÞning a sequenceof degreen B«ezier curvesthat
join automatically with Cn ! 1 contin uit y, regardlessof where the contr ol points are placed.

Whereas an open string of m B«ezier curves of degree n involve nm + 1 distinct contr ol points
(shared control points counted only once), that same string of B«ezier curvescan be expressed using
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52 Polar Form

only m + n B-spline contr ol points (assuming all neighboring curves are Cn ! 1). The most important
operation you need to understand to have a working knowledge of B-splines is how to ext ract the
contitu ent B«ezier curves. The trad ition al approach to teaching about B-Splines centered on basis
functions and recurrence relations. Experience has shown that polar form (Section 6.1) and knot
intervals (Section 6.12)provide students with such a working knowledgemorequickly than recurrence
relations.

6.1 Polar Form

Polar form, intro duced by Dr. Lyl e Ramshaw [Ram87, Ram89b, Ram89c], can be thought of as
simply an alternative method of labeling the control points of a B«ezier or B-Spline curve. These
labels are referred to as polar values. These notes summarize the properties and applications of
polar form, wit hout delving into derivations. The interested student can study RamshawÕspapers.

All of the important algorithms for B«ezier and B-spline curves can be derived from the following
four rules for polar values.
1. For a degree n B«ezier curve P [a,b](t), the control points are relabeledP i = P(u1, u2, . . . un ) where
uj = a if j ≤ n − i and otherwise uj = b. For a degreetwo B«ezier curve P [a,b](t),

P 0 = P(a,a); P 1 = P(a,b); P 2 = P(b,b).

For a degree three B«ezier curve P [a,b](t),

P 0 = P(a,a,a); P 1 = P(a,a,b);

P 2 = P(a,b,b); P 3 = P(b,b,b),

and so forth.

P(0,0,0)

P(0,0,2)

P(0,2,2)

P(2,2,2)

P(2,2,3)

P(2,3,3)

P(3,3,3)

(a) Bézier curves with polar labels.

P(1,2,3)

P(2,3,4)

P(3,4,5)

P(4,5,6)
P(5,6,7)

P(6,7,8)

t=3 t=4

t=5
t=6

Knot Vector = [1,2,3,4,5,6,7,8]

(b) B-Spline Curve with Polar Labels

Figure 6.2: Polar Labels.

Figure 6.2.a shows two cubic B«ezier curves labeled using polar values. The Þrst curve is deÞned
over the parameter interval [0, 2] and the second curve is deÞned over the parameter interval [2, 3].
Note that P(t, t, . . . , t) is the point on a B«ezier curve corresponding to parameter value t.
2. For a degree n B-spline with a knot vector (see Section 6.2) of

[t1, t2, t3, t4, . . .],
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Polar Form 53

the arguments of the polar values consist of groups of n adjacent knots from the knot vector, wit h
the i th polar value being P(t i , . . . , t i + n ! 1), as in Figure 6.2.b.
3. A polar value is symmetr ic in its arguments. This meansthat the order of the arguments can be
changedwith out changing the polar value. For example,

P(1, 0, 0, 2) = P(0, 1, 0, 2) = P(0, 0, 1, 2) = P(2, 1, 0, 0), etc.

4. Given P(u1, u2, . . . , un ! 1, a) and P(u1, u2, . . . , un ! 1, b) we can compute P(u1, u2, . . . , un ! 1, c)
where c is any value:

P(u1, u2, . . . , un ! 1, c) =

(b− c)P(u1, u2, . . . , un ! 1, a) + (c− a)P(u1, u2, . . . , un ! 1, b)
b− a

P(u1, u2, . . . , un ! 1, c) is said to be an a! ne combination of P(u1, u2, . . . , un ! 1, a) and P(u1, u2,
. . . , un ! 1, b). For example,

P(0, t, 1) = (1− t) × P(0, 0, 1) + t × P(0, 1, 1),

P(0, t) =
(4− t) × P(0, 2) + (t − 2)× P(0, 4)

2
,

P(1, 2, 3, t) =
(t2 − t) × P(2, 1, 3, t1) + (t − t1) × P(3, 2, 1, t2)

(t2 − t1)
.

What this meansgeometrically is that if you vary one parameter of a polar value while holding all
others constant, the polar value wil l sweep out a line at a constant velocity, as in Figure 6.3.

P(0,c,d)
P(1,c,d)

P(2,c,d)
P(3,c,d)

P(4,c,d)
P(5,c,d)

P(6,c,d)

Figure 6.3: A! ne map property of polar values.

6.1.1 Subdi vis ion of B«ezier Curv es

To ill ustrate how polar values work, we now show how to derive the de Castelj au algorithm using
only the Þrst thr ee rules for polar values.

Given a cubic B«ezier curve P [0,1] (t), we wish to split it into P [0,t ] and P [t ,1] . The control points
of the original curve are labeled

P(0, 0, 0), P(0, 0, 1), P(0, 1, 1), P(1, 1, 1).

The subdivision problem amounts to Þnding polar values

P(0, 0, 0), P(0, 0, t), P(0, t, t), P(t, t, t),
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54 Knot Vectors

and
P(t, t, t), P(t, t, 1), P(t, 1, 1), P(1, 1, 1).

These new contr ol points can be derived by applying the symmetry and a! ne map rules for polar
values. Refering to Figure 6.4, we can compute

STE P 1.

P(0, 0, t) = (1− t) × P(0, 0, 0) + (t − 0)× P(0, 0, 1);

P(0, 1, t) = (1− t) × P(0, 0, 1) + (t − 0)× P(0, 1, 1);

P(t, 1, 1) = (1− t) × P(0, 1, 1) + (t − 0)× P(1, 1, 1).

STE P 2.

P(0, t, t) = (1− t) × P(0, 0, t) + (t − 0)× P(0, t, 1);

P(1, t, t) = (1− t) × P(0, t, 1) + (t − 0)× P(t, 1, 1);

STE P 3.

P(t, t, t) = (1− t) × P(0, t, t) + (t − 0)× P(t, t, 1);

t = .6

P(0) = P(0,0,0)

P(0,0,1)

P(0,1,1)

P(1) = P(1,1,1)

P(0,0,t)

P(0,t,1)

P(t,1,1)

P(0,t,t) P(t,t,1)

P(t) = P(t,t,t)

Figure 6.4: Subdivid ing a cubic B«ezier curve.

6.2 K not Vecto rs

A knot vector is a list of parameter values, or knots, that specify the parameter intervals for the
individual B«ezier curves that make up a B-spline. For example, if a cubic B-spline is comprised of
four B«eziercurveswith parameter intervals [1, 2], [2, 4], [4, 5], and [5, 8], the knot vector would be

[t0, t1, 1, 2, 4, 5, 8, t7, t8].

Notice that there are two (one less than the degree) ext ra knots prepended and appended to the knot
vector . Theseknots control the end conditions of the B-spline curve, as discussed in Section 6.6.
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Extractin g B«ezier Curves from B-splines 55

For historical reasons, knot vectors are trad ition ally described asrequir ing n end-condition knots,
and in the real world you will always Þnd a (meaningless) additi onal knot at the beginning and end
of a knot vector. For example, the knot vector in Figure 6.2.b would be [t0, 1, 2, 3, 4, 5, 6, 7, 8, t9],
where the values of t0 and t9 have absolutely no e" ect on the curve. Therefore, we ignore these
dummy knot values in our discussion, but be aware that they appear in B-spline literatu re and
software.

Obviously, a knot vector must be non-decreasing sequenceof real numbers. If any knot value is
repeated, it is referred to as a multipl e knot. More on that in Section 6.4. A B-spline curve whose
knot vector is evenly spaced is known asa uniform B-spline. If the knot vector is not evenly spaced,
the curve is called a non-uniform B-spline.

6.3 Ext ract ing B«ezier Cur ves from B-spl ines

We are now ready to discuss the central practical issue for B-splines, namely, how does one Þnd
the control points for the B«ezier curvesthat make up a B-spline. This procedure is often called the
B¬ohm algorithm after ProfessorWolfgang B¬ohm [B¬81].

Consider the B-spline in Figure 6.2.b consistin g of B«ezier curves over domains [3, 4], [4, 5], and
[5, 6]. The control points of those three B«ezier curves have polar values

P(3, 3, 3), P(3, 3, 4), P(3, 4, 4), P(4, 4, 4)

P(4, 4, 4), P(4, 4, 5), P(4, 5, 5), P(5, 5, 5)

P(5, 5, 5), P(5, 5, 6), P(5, 6, 6), P(6, 6, 6)

respecti vly. Our puzzle is to apply the a! ne and symmetry properties to Þnd those polar values
given the B-spline polar values.

For the B«ezier curve over [3, 4], we Þrst Þnd that P(3, 3, 4) is 1/ 3 of the way from P(2, 3, 4) to
P(5, 3, 4) = P(3, 4, 5). Likewise, P(3, 4, 4) is 2/ 3 of the way from P(3, 4, 2) = P(2, 3, 4) to P(3, 4, 5).
SeeFigure 6.5.a.

P(3,3,4) P(5,3,4)
P(2,3,4)

P(3,4,4)

P(1,2,3)

P(4,5,6)
P(5,6,7)

P(6,7,8)

P(3,3,3)
P(4,4,4)

t=5
t=6

Knot Vector = [1,2,3,4,5,6,7,8]

(a) First Step.

P(3,4,5)

P(4,4,5)

P(6,4,5)

P(1,2,3)

P(3,2,3)

P(4,2,3)

P(5,6,7)

P(6,7,8)

P(3,3,4) P(3,4,4)

P(3,3,3)
P(4,4,4)

t=5
t=6

Knot Vector = [1,2,3,4,5,6,7,8]

(b) Second Step.

Figure 6.5: B¬ohm algorith m.

Before we can locate P(3, 3, 3) and P(4, 4, 4), we must Þnd the auxill iary points P(3, 2, 3) (2/ 3
of the way from P(1, 2, 3) to P(4, 2, 3)) and P(4, 4, 5) (2/ 3 of the way from P(3, 4, 5) to P(6, 4, 5))
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56 Multipl e knots

as shown in Figure 6.5.b. Finally, P(3, 3, 3) is seen to be half way between P(3, 2, 3) and P(3, 3, 4),
and P(4, 4, 4) is seen to be half way between P(3, 4, 4) and P(4, 4, 5).

Note that the four B«ezier contr ol points were derived from exactly four B-spline contr ol points;
P(5, 6, 7) and P(6, 7, 8) were not involved. This means that P(5, 6, 7) and P(6, 7, 8) can be moved
with out a" ecting the B«ezier curve over [3, 4]. In general, the B«ezier curve over [t i , t i +1 ] is only
inßuenced by B-spline contro l points that have ti or t i +1 as one of the polar value parameters. For
th is reason,B-splines are said to possess the property of local control, sinceany given contr ol point
can inßuenceat most n curve segments.

6.4 Mul ti ple kno ts

If a knot vector contains two identi cal non-end-condition knots t i = t i +1 , the B-spline can be
thought of as contain ing a zero-length B«ezier curve over [t i , t i +1 ]. Figure 6.6 shows what happens
when two knots are moved together. The B«ezier curve over the degenerate interval [5, 5] has polar
valuesP(5, 5, 5), P(5, 5, 5), P(5, 5, 5), P(5, 5, 5), which is merely the single point P(5, 5, 5). It can be

P(1,2,3)

P(2,3,4.5) P(3,4.5,5)

P(4.5,5,6)
P(5,6,7)

P(6,7,8)

t=3 t=4.5

t=5t=6

Knot Vector = [1,2,3,4.5,5,6,7,8]

P(1,2,3)

P(2,3,4.9) P(3,4.9,5)

P(4.9,5,6)
P(5,6,7)

P(6,7,8)

t=3
t=4.9
t=5t=6

Knot Vector = [1,2,3,4.9,5,6,7,8]

P(1,2,3)

P(2,3,5) P(3,5,5)

P(5,5,6)
P(5,6,7)

P(6,7,8)

t=3

t=5
t=6

Knot Vector = [1,2,3,5,5,6,7,8]

Figure 6.6: Double knot.

shown that a multi ple knot dimin ishesthecont inuity betweenadjacent B«ezier curves. Thecontinuit y
acrossa knot of multi plicit y k is generally n − k.

6.5 Periodi c B-spl ines

A periodic B-spline is a B-spline which closeson it self. Thi s requires that the Þrst n control points
are identical to the last n, and the Þrst n parameter intervals in the knot vector are identical to the
last n intervals as in Figure 6.7.a.

6.6 B«ezier end condi ti ons

We earlier noted that a knot vector always has n − 1 extra knots at the beginning and end which
do not signify B«ezier parameter limits (except in the periodic case), but which inßuence the shape
of the curve at it s ends. In the case of an open (i .e., non-periodic) B-spline, one usually chooses
an n-fold knot at each end. Thi s imposes a B«ezier behavior on the end of the B-spline, in that the
curve interpolates the end contr ol points and is tangent to the control polygon at its endpoints. One
can veri fy thi s by noting that to convert such a B-spline into B«ezier curves, the two control points
at each end are already in B«ezier form. This is illu strated in Figure 6.7.b.

T. W. Sederb erg, Computer Aided G eo m et ric D esign C ourse No tes Apr il 6, 20 07



Knot insertion 57

P(1,3,4)

P(3,4,5)
P(4,5,7)

P(5,7,8)
P(7,8,10)

P(8,10,11)

P(10,11,12)
P(11,12,14)

t=4,11
t=5,12

t=7t=8

t=10

Knot Vector = [1 3 4 5 7 8 10 11 12 14]

(a) Periodic B-Spline.

P(0,0,0)

P(0,0,1)

P(0,1,3)

P(1,3,4)
P(3,4,4)

P(4,4,4)

t=0

t=1

t=3
t=4

Knot Vector = [0,0,0,1,3,4,4,4]

(b) Bézier End Conditions.

Figure 6.7: Special B-Spline Curves.

6.7 K not inserti on

A standard design tool for B-splines is knot insertion. In the knot insertion process, a knot is added
to the knot vector of a given B-spline. This results in an additi onal control point and a modiÞcation
of a few exist ing contr ol points. The end result is a curve deÞned by a larger number of control
points, but which deÞnesexactly the same curve as before knot insertion.

Knot insertion has several applications. One is the de Boor algorithm for evaluating a B-spline
(discussed in the next secti on). Another application is to provide a designer with the abilit y to add
local detai ls to a B-spline. Knot insertion provides more local control by isolating a region to be
modiÞedfrom the rest of the curve, which thereby becomes immune from the local modiÞcation.

Consider adding a knot at t = 2 for the B-spline in Figure ??. As shown in Figure 6.8.a, th is in-
volvesreplacing P(0, 1, 3) and P(1, 3, 4) with P(0, 1, 2), P(1, 2, 3), and P(2, 3, 4). Figure 6.8.b shows
the new set of contr ol points, which are easily obtained using the a! ne and symmetry properties of
polar values.

Initial After Knot Insertion

Knot Vector:    [(0,0,0,1,3,4,4,4)] [(0,0,0,1,2,3,4,4,4)]

Control Points: P(0,0,0)
P(0,0,1)

P(0,1,3)

P(1,3,4)

P(3,4,4)
P(4,4,4)

P(0,0,0)
P(0,0,1)
P(0,1,2)

P(1,2,3)

P(2,3,4)
P(3,4,4)
P(4,4,4)

(a) Knots and Polar Labels.

P(0,1,3)

P(1,3,4)

P(0,0,0)

P(0,0,1)

P(0,1,2)

P(1,2,3)

P(2,3,4)
P(3,4,4)

P(4,4,4)

t=0

t=1

t=2

t=3
t=4

Old   Knot Vector = [0,0,0,1,3,4,4,4]
New Knot Vector = [0,0,0,1,2,3,4,4,4]

(b) Control Points.

Figure 6.8: Knot Insertion.

Note that the cont inuit y at t = 2 is C" .
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P(0,1,3)

P(1,2,3)

P(1,3,4)

P(0,0,0)

P(0,0,1)

P(0,1,2)

P(1,2,2)

P(2,2,2)

P(2,2,3)

P(2,3,4)
P(3,4,4)

P(4,4,4)

t=0

t=4

Old   Knot Vector = [0,0,0,1,3,4,4,4]

New Knot Vector = [0,0,0,1,2,2,2,3,4,4,4]

Figure 6.9: De Boor algorithm.

6.8 The de Boor algorit hm

The deBoor algorithm provides a method for evaluating a B-spline curve. That is, given a parameter
value, Þnd the point on the B-spline corresponding to that parameter value.

Any point on a B-spline P(t) hasa polar value P(t, t, . . . , t), and we can Þnd it by inserting knot
t n times. This is the de Boor algorithm. Using polar forms, the algorithm is easy to Þgure out.

The de Boor algorith m is illustr ated in Figure 6.9.

6.9 Expl ici t B-spli nes

Section 2.11 discusses explicit B«ezier curves, or curves for which x(t) = t. We can likewise locate
B-spline control points in such a way that x(t) = t. The x coordinates for an explicit B-spline are
known as Greville abscissae. For a degree n B-spline with m knots in the knot vector , the Greville
abscissaeare given by

xi =
1
n

(t i + t i +1 + . . . + t i + n ! 1); i = 0. . . m − n. (6.1)

6.10 B-spl ine hodographs

The Þrst derivative (or hodograph) of a B-spline is obtained in a manner similar to that for B«ezier
curves. The hodograph has the sameknot vector as the given B-spline except that the Þrst and last
knots are discarded. The control points are given by the equation

H i = n
(P i +1 − P i )

t i + n − t i
(6.2)

where n is the degree.

6.11 Sym metric polyno mi als

We intro duced polar form as simply a labeling scheme, with rules deÞned for creating new control
points wit h di" erent labels. As we have seen, th is level of understanding is su! cient to perform
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many of the basic operations on B-Spline curves. However, there is some beautiful mathematics
behind these labels, based on symmetric polynomials.

A symmetr ic polynomial represents a degree m polynomial in one variable, p(t), asa polynomial
in n ≥ m variables, p[t1, . . . , tn ], that is degreeone in each of those variables and such that

p[t, . . . , t] = p(t).

p[t1, . . . , tn ] is said to be symmetric because the value of the polynomial will not change if the
arguments are permuted. For example, if n = 3, p[a,b,c] = p[b,c, a] = p[c,a, b] etc.

A symmetric polynomial has the form

p[t1, . . . , tn ] =
n!

i =0

ci pi [t1, . . . , tn ]

where

p0[t1, . . . , tn ] = 1; pi [t1, . . . , tn ] =

" n
j =1 t j pi ! 1[t1, . . . , t j ! 1, t j +1 , . . . , tn ]

n
, i = 1, . . . n.

For example,
p[t1] = c0 + c1t1,

p[t1, t2] = c0 + c1
t1 + t2

2
+ c2t1t2,

p[t1, t2, t3] = c0 + c1
t1 + t2 + t3

3
+ c2

t1t2 + t1t3 + t2t3

3
+ c3t1t2t3,

and

p[t1, t2, t3, t4] = c0 + c1
t1 + t2 + t3 + t4

4
+ c2

t1t2 + t1t3 + t1t4 + t2t3 + t2t4 + t3t4

6

+ c3
t1t2t3 + t1t2t4 + t1t3t4 + t2t3t4

4
+ c4t1t2t3t4.

The symmetr ic polynomial b[t1, . . . tn ] for which p[t, . . . t] = p(t) is referred to as the polar form or
blossom of p(t).

Ex ample Find the polar form of p(t) = t3 + 6t2 + 3t + 1.
Answer: p[t1, t2, t3] = 1 + 3t 1 + t 2 + t 3

3 + 6t 1 t 2 + t 1 t 3 + t 2 t 3
3 + t1t2t3.

Theor em For every degreem polynomial p(t) there exists a uniquesymmetric polynomial p[t1, . . . , tn ]
of degreen ≥ m such that p[t, . . . , t] = p(t). Furth ermore,the coe! cients bi of thedegreen Bernstein
polynomial over the interval [a, b] are

bi = p[a, . . . , a
# $% &

n ! i

, b, . . . , b
# $%&

i

]

Ex ample Convert p(t) = t3 + 6t2 + 3t + 1 to a degree3 Bernstein polynomial over the interval [0, 1].
We usethe polar form of p(t): p[t1, t2, t3] = 1 + 3t 1 + t 2 + t 3

3 + 6t 1 t 2 + t 1 t 3 + t 2 t 3
3 + t1t2t3. Then,

b0 = p[0, 0, 0] = 1, b1 = p[0, 0, 1] = 2, b2 = p[0, 1, 1] = 5, b3 = p[1, 1, 1] = 11.
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6.12 Kno t In t ervals

B-spline curves are typically speciÞed in terms of a set of control points, a knot vector , and a
degree.Knot information can also be imposed on a B-spline curve using knot intervals, intr oduced
in [SZSS98] as a way to assign knot information to subdivision surfaces. A knot interval is the
di" erencebetweentwo adjacent knots in a knot vector, i.e., the parameter length of a B-spline curve
segment. For even-degree B-spline curves, a knot interval is assignedto each control point, since each
control point in an even-degree B-spline corresponds to a curve segment. For odd-degree B-spline
curves,a knot interval is assigned to each control polygon edge, since in thi s case, each edge of the
control polygon maps to a curve segment.

While knot intervals are basically just an alternative notation for representin g knot vectors, knot
intervals o" er some nice advantages. For example, knot interval notation is more closely coupled to
the control polygon than is knot vector notati on. Thus, knot intervals have more geometric meaning
than knot vectors, since the e" ect of altering a knot interval can be more easily predicted. Knot
intervals are parti cularly well suited for periodic B-splines.

Knot intervals contain all of the information that a knot vector contains, with the exception
of a knot origin. This is not a problem, since the appearance of a B-spline curve is invariant
under linear transformation of the knot vectorÑthat is, if you add any constant to each knot the
curveÕsappearance does not change. B-splines originated in the Þeld of approximation theory and
were ini tially used to approximate functi ons. In that context, parameter valuesare important, and
hence,knot valuesare signiÞcant. However, in curve and surface shape design, we are almost never
concerned about absolute parameter values.

For odd-degree B-spline curves, the knot interval di is assignedto the contr ol polygon edge
P i Ñ P i +1 . For even-degree B-spline curves, knot interval di is assigned to control point P i . Each
vertex (for even degree) or edge(for odd degree) has exactly one knot interval. If the B-spline is
not periodic, n ! 1

2 Òend-condition Óknot intervals must be assignedpast each of the two end control
points. They can simply be writt en adjacent to ÒphantomÓ edgesor vertices sketched adjacent to
the end control points; the geometric positions of thosephantom edges or verticesare immaterial.

P(1,2,3)

P(2,3,4)
P(3,4,6)

P(4,6,9)
P(6,9,10)

P(9,10,11)

t=3 t=4

t=6
t=9

Knot Vector = [1,2,3,4,6,9,10,11]

P0

P1
P2

P3P4

P5

d-1=1
d0=1

d1=1

d2=2

d3=3

d4=1

d5=1

t=3 t=4

t=6
t=9

Knot Vector = [1,2,3,4,6,9,10,11]

Figure 6.10: Samplecubic B-spline

Figure 6.10 shows a cubic B-spline curve. The control points in Figure 6.10.a are labeled with
polar values, and Figure 6.10.b shows the control polygon edgeslabeled wit h knot intervals. End-
condition knots require that we hang one knot interval o" each end of the control polygon. Note
the relationship between the knot vector and the knot intervals: Each knot interval is the di" erence
between two consecutive knots in the knot vector.

For periodic B-splines, thin gs are even simpler, since we donÕt need to deal wit h end condition s.
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Figure 6.11 shows two cubic periodic B-splines labelled with knot intervals. In th is example, note
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Figure 6.11: Periodic B-splines labelled with knot intervals

that asknot interval d1 changesfrom 1 to 3, the length of the corresponding curve segment increases.

P
0

P
1

P
2

P
3

P
4

d
0
= 0

d
1
= 1

d
2
= 1

d
3
= 1

d
4
= 1

P
0

P
1

P
2

P
3

P
4

d
0
= 0 d

1
= 0

d
2
= 1

d
3
= 1

d
4
= 1

Figure 6.12: Periodic B-splines with double and tr iple knots.

Figure 6.12 shows two periodic B-splineswith a double knot (imposed by setti ng d0 = 0) and a
tri ple knot (set d0 = d1 = 0).

In order to determine formulae for operations such as knot insertion in terms of knot intervals,
it is helpful to infer polar labels for the contr ol points. Polar algebra [Ram89a]can then be usedto
create the desired formula. The arguments of the polar labels are sums of knot intervals. We are
free to choose any knot origin. For the examplein Figure 6.13,we choose the knot origin to coincide
with contr ol points P 0. Then the polar valuesare as shown in Figure 6.13.b.

The following subsections show how to perform knot insertion and interval halving, and how
to compute hodographs using knot intervals. These formulae can be veriÞed using polar labels.
The expressions for these operations wri tten in terms of knot vectors can be found, for example,
in [HL93].

6.12.1 Kno t Inserti on

Recall from Secti on 6.7 that knot insert ion is a fundamental operation whereby contr ol points are
added to a B-Spline control polygon without changing the curve. In Sect ion 6.7, knot insertion
is discussed in terms of knot vectors and polar form. We can perform knot insertion using knot
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f(0,d0,d0+d1)

f(d0,d0+d1,d0+d1+d2)

f(d0+d1,d0+d1+d2,d0+d1+d2+d3)P4

d0 d1

d2

d3

d4

b

Figure 6.13: Inferr ing polar labels from knot intervals.

intervals, as well. In fact , the const ruction algorithm is perhaps even easier to remember and to
carry out than the polar form constructi on.

Using knot intervals, it is more natural to speak of interval split ting than of knot insertion. For
example,Figure 6.14 shows a cubic periodic B-Spline in which the red knot interval is split into two
knot intervals that sum to the original knot interval. The only question we need to address is, how
can we compute the Cartesian coordinates of the white control points in Figure 6.14.b.

2
3

1

2

1

(a) Periodic Cubic B-Spline Labeled with Knot In-
tervals.

2

1

2

1

2

1

(b) Splitting Interval 3 into Intervals 1 and 2.

Figure 6.14: Knot Insertion using Knot Intervals.

Figure 6.15 ill ustrates how to compute those contr ol points. Split the white, red, and green edges
of the control polygon into thr ee segments each whose lengths are proportional to the neighboring
knot intervals, as shown in Figure 6.15.a. Each of those thr ee edgescontains a segment labeled
with a red Ò3.ÓSplit each of those segments into two pieces whose lengths are proportional to 1:2,
as shown in Figure 6.15.b. Thi s producesthe thr ee desired control points. Figure 6.16 shows the
procedure for splittin g the interval Ò3Óinto two equal intervals.

An important special caseinvolves inserting a zero knot interval. In knot vector jargon, thi s is
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(a) Dividing Edges of the Control Polygon into Three
Segments Whose Lengths are Proportional to the
Neighboring Knot Intervals.
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(b) Splitting Intervals Labeled with a 3 into Intervals
1 and 2.

Figure 6.15: ÒInterval Splittin gÓusing Knot Intervals.
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(b) Construction.

Figure 6.16: ÒInterval Splittin gÓusing Knot Intervals.
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the sameas inserting a double knot. In knot interval jargon, we can say that we are splittin g a knot
interval into two intervals, one of which is zero, and the other of which is the original knot interval.
This special caseis illustr ated in Figure 6.17.a and Figure 6.17.b. If we repeat th is operation three
more times, arriving at the knot interval conÞguration shown in Figure 6.17.c,we uncover the B«ezier
control points for the red B«ezier curve. The reasonfor th is will be clear if you recall that a B«ezier
curve is a special case of B-Spline curve with knot vector [a, a, a, b,b,b]. Convertin g from knot vector
to knot interval notation, we seethat the two pairs of adjacent zero knot interval in Figure 6.17.c
represent two sets of tr iple knots in the knot vector.
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(b) Construction.
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(c) Bézier control points.

Figure 6.17: Intro ducing Zero Knot Intervals.

6.12.2 In t erv al H alvi ng

Subdivision surfacessuch as the Catmull -Clark scheme are based on the notion of inserting a knot
half way between each existing pair of knots in a knot vector . These methods are typically restr icted
to uniform knot vectors. Knot intervals help to generalize th is technique to non-uniform B-splines.
Using knot intervals, wecanth ink of thi sprocessascuttin g in half each knot interval. For a quadratic
non-uniform B-spline, the interval halving procedure is a generalization of ChaikinÕsalgorithm, but
the placement of the new control points becomesa functi on of the knot interval values. If each knot
interval is cut in halve, the resultin g control polygon has twice as many control points, and their
coordinates Qk are:

Q2i =
(di + 2di +1 )P i + di P i +1

2(di + di +1 )

Q2i +1 =
di +1 P i + (2di + di +1 )P i +1

2(di + di +1 )
(6.3)

as il lustrat ed in Figure 6.18.
For non-uniform cubic periodic B-spline curves, interval halving produces a new contr ol point

corresponding to each edge,and a new contr ol point corresponding to each original contr ol point.
The equations for the new control points Qk generatedby interval halving are:

Q2i +1 =
(di + 2di +1 )P i + (di + 2di ! 1)P i +1

2(di ! 1 + di + di +1 )
(6.4)

Q2i =
di Q2i ! 1 + (di ! 1 + di )P i + di ! 1Q2i +1

2(di ! 1 + di )
(6.5)
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di/2 di/2
di+1/2

Q2i-1 Q2i
Q2i+1

Figure 6.18: Interval halving for a non-uniform quadratic B-spline curve.

as shown in Figure 6.19.

Pi-1 Pi+1

Q2i-1

Q2i
Q2i+1

di-1

di

di 1di 2

di-1/2 di/2

Figure 6.19: Interval halving for a non-uniform cubic B-spline curve.

Note that each new knot interval is half as large as its parent.

6.12.3 Degree-Two B-Spli nes using Kno t In t erv als

For any odd-degree B-Spline curve, the knot intervals are associated with the edges of the control
polygon. For even-degree, the knot intervals are associated with the control points. Figure 6.20
shows two quadratic B-Splines with di" erent knot intervals.

3
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21

2

(a) Example 1.

3

0

21

2

(b) Example with Zero Knot Interval.

Figure 6.20: Quadrati c B-Spline Curves.

Figure 6.21 ill ustrates how to perform interval splitting for a quadratic B-Spline. Figure 6.22
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(a) Splitting the Knot Interval 3 into two
equal knot intervals.
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(b) Construction for the Interval Splitting.

Figure 6.21: Interval Splittin g of a Quadratic B-Spline Curve.

ill ustrates how to split o" a zero-knot interval on a quadratic B-Spline. To Þnd the B«ezier control
points in a quadrati c B-Spline, it su! ces to insert a single zero knot interval on each side of a
non-zero knot interval.
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(a) Splitting the Knot Interval 3 into two
equal knot intervals.
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2

3
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(b) Construction for the Interval Splitting.

Figure 6.22: Interval Splittin g of a Quadratic B-Spline Curve.

6.12.4 Ho dographs

Section 2.7 discusses the hodograph of a polynomial B«ezier curve. The hodograph of a polynomial
B-Spline curve can be constructed in a similar manner.

Figure 6.23shows a cubic B-Spline curve and its hodograph, represented asa degree-two B-Spline
curve. Note the relat ionship between the knot vectors in the original curve and in its hodograph.
The control points for the hodograph are found in a manner similar to the control points for a B«ezier
hodograph.
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Figure 6.23: Hodograph of a Degree3 Polynomial B-Spline Curve.
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Figure 6.24: Finding the Contr ol Points of a B-Spline Hodograph.

The exact formula for the control points, as ill ustrated in Figure 6.24, is as follows. The hodo-
graph of a degreen B-spline P(t) with knot intervals di and contr ol points P i is a B-spline of degree
n − 1 with the same knot intervals di and with control points Qi where

Qi = ci (P i +1 − P i ). (6.6)

The scale factor ci is the inverse of the averagevalue of n neighboring knot intervals. SpeciÞcally, if
the curve is even-degree n = 2m, then

ci =
n

di ! m +1 + . . . + di + m

and if the curve is odd degreen = 2m + 1

ci =
n

di ! m + . . . + di + m

6.12.5 Degree elevat ion

Ramshaw [Ram89a] presented an elegant insight into degreeelevation using polar form. The sym-
metr y property of polar labels demands that

f (a, b) =
f (a) + f (b)

2
; f (a, b,c) =

f (a, b) + f (a, c) + f (b,c)
3

; (6.7)
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f (a, b,c, d) =
f (a, b,c) + f (a, b,d) + f (a, c,d) + f (b,c, d)

4
; etc. (6.8)

The procedure of degreeelevation on a periodic B-spline that is labeled using knot intervals
results in two e" ects. First, an addition al control point is intr oduced for each curve segment.
Second, if the sequence of knot intervals is ini tially d1, d2, d3, . . ., the sequence of knot intervals on
the degreeelevated contr ol polygon wil l be d1, 0, d2, 0, d3, 0, . . .. The zeroes must be added because
degreeelevation raisesthe degree of each curve segment without raising the continuit y between curve
segments,

Degreeelevation of a degreeone B-spline is simple: merely insert a new control point on the
midpoint of each edgeof the control polygon. The knot intervals are as shown in Figures6.25.aand
b.
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Figure 6.25: Degree elevating a degreeone and degree two B-spline.

Degreeelevation for a degree two B-spline is il lustrat ed in Figures6.25.cand d. The new control
points are:

P i,j =
(2di + 3dj )P i + di P j

3di + 3dj
. (6.9)
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P0
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P2 P3
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a. Cubic B-spline.
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d1

d2

d3

0

0 0

P01

Q1

P12

Q2 P23 Q3
P34

b. Degree elevated.

Figure 6.26: Degree elevating a degreethree B-spline.

Figure 6.26 ill ustrates degree elevation from degree thr ee to four. The equations for the new
control points are:

P i,i +1 =
(di + 2di +1 )P i + (2di ! 1 + di )P i +1

2(di ! 1 + di + di +1 )
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Qi =
di

4(di ! 2 + di ! 1 + di )
P i ! 1+

'
di ! 2 + di ! 1

4(di ! 2 + di ! 1 + di )
+

di + di +1

4(di ! 1 + di + di +1 )
+

1
2

(
P i +

di ! 1

4(di ! 1 + di + di +1 )
P i +1

6.13 B-spl ine Basis Functi ons

B-spline basis functions can be deÞned the following recurrencerelations. In approximation theory,
the basis functi ons themselves are referred to as B-splines.

A degree zeroB-spline curve is deÞned over the interval [t i , t i +1 ] using onecontr ol point, P 0. Its
basis funct ion, which we will denote B 0

i (t) is the step funct ion

b0
i (t) =

)
1 if t i ≤ t ≤ t i +1

0 otherwise.

The curve B 0
i (t)P 0 consists of the discrete point P 0.

Blending functions for higher degreeB-splines are deÞned using the recurrence relation:

B k
i (t) = ωk

i (t)B k! 1
i (t) + (1− ωk

i +1 (t))B k! 1
i +1 (t) (6.10)

where

ωk
i (t) =

) t ! t i
t i+ k−1 ! t i

if t i %= ti + k ! 1

0 otherwise.

A degreeone B-spline curve is deÞned over the interval [t i , t i +1 ] using two control points, which
we will denote as polar valuesP(t i ) and P(t i +1 ). The curve is simply the line segment joining the
two control points:

P(t) =
t i +1 − t
t i +1 − t i

P (t i ) +
t − t i

t i +1 − t i
P (t i +1 ).

A single degreen B-spline curve segment deÞned over the interval [t i , t i +1 ] with knot vector
{ . . . , t i ! 1, t i , t i +1 , t i +2 , . . .} has n + 1 control points written as polar values

P(t i +1 ! n , . . . , t i ), . . . , P(t i +1 , . . . , t i + n )

and blending functi ons B n
i (t) which are obtained from equation 6.10. The equation for the curve is:

P(t) =
n + i!

j = i

B n
j +1 ! n (t)P(t j +1 ! n , . . . , t j ) (6.11)

6.13.1 B-Spl ine Basi s-Functi ons as Expli cit B -Spli ne Cur ves

B-Spline basis functions can also be represenedas explicit B-Spline curves(Section 6.9).
B (t) is the y-coordinates the curve in Figure 6.28. Those y-coordinates are easily evaluated in

the same manner as you would evaluate a point on any B-Spline curve. Note that the y-coordinates
of the control points of this explicit B-Spline curve are all zero, except for the control point whose
basis funct ion we desire.

If we now evaluate a point on th is explicit B-Spline curve using the knot-interval version of the
de Boor algorithm, we arrive at the following equations for the B-Spline basis functi on in Figure ??.
For t ∈ [t1, t2]:

B (t) =
(t − t1)3

(t4 − t1)( t3 − t1)( t2 − t1)
(6.12)
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Figure 6.27: SampleCubic B-Spline Curve.
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Figure 6.28: B-Spline Basis Function for Control Point P i in Figure 6.27.

For t ∈ [t2, t3]:

B (t) =
(t − t2)2(t5 − t)

(t5 − t2)( t4 − t2)( t3 − t2)
+

(t − t2)( t − t1)( t4 − t)
(t4 − t1)( t4 − t2)( t3 − t2)

+
(t3 − t)( t − t1)2

(t4 − t1)( t3 − t1)( t3 − t2)
(6.13)

For t ∈ [t3, t4]:

B (t) =
(t4 − t)2(t − t1)

(t4 − t1)( t4 − t2)( t4 − t3)
+

(t4 − t)( t5 − t ) (t − t2)
(t5 − t2)( t4 − t2)( t4 − t3)

+
(t − t3)( t5 − t)2

(t5 − t2)( t5 − t3)( t4 − t3)
(6.14)

For t ∈ [t4, t5]:

B (t) =
(t5 − t)3

(t5 − t2)( t5 − t3)( t5 − t4)
(6.15)

These four polynomials are C2, with

B #(t1) = B ##(t1) = 0, B #(t2) =
3(t2 − t1)

(t3 − t1)( t4 − t1)
, B ##(t2) =

6
(t3 − t1)( t4 − t1)

,
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B #(t3) =
3(t1(t2 − t3) − t2t3 + t3t4 + t3t5 − t4t5)

(t1 − t4)( t2 − t4)( t2 − t5)
, B ##(t3) =

6(t1 + t2 − t4 − t5)
(t1 − t4)( t4 − t2)( t2 − t5)

B #(t4) = − 3(t5 − t4)
(t5 − t2)( t5 − t3)

, B ##(t4) =
6

(t5 − t2)( t5 − t3)

We can likewise express B (t) in terms of knot intervals. To do so, we parametr ize each of the
four segments using t ∈ [0, 1].
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