Chapt er 6

B-Spl ine Curv es

Most shapesare too complicated to debne using a single Bezer curve. A spline curve is a sequence
of curve segments that are conneded together to form a single continuous curve. For example, a

piecewise collection of Beziea curves connected end to end, can be called a spline curve. Over-

hause curves are another example of splines The word OplineQis sometimes used as a verb, asin

OStiin e together somecubic Bezier curves.Oln approximation theory, spline is debned as a piecewise
polynomial of degreen whosesegmerts are C"' 1.

The word OspineOcomes from the ship building industry, where it originally referred to a thin
strip of wood which draftsmen would use like a Rexible French curve. Metal weights (called ducks)
were placed on the drawing surface and the spline wasthreadedbetween the ducks asin Figure 6.1.
We know from structural mecdianicsthat the bending moment M is an inbnitely conti nuous function

Figure 6.1: Spline and ducks.

along the spline except at a duck, where M is generaly only C° cortinuous. Since the curvature of
the spline is proportional to M (x = M/E |), the spline is everywhere curvature corntin uous.

Curvature cortinuity is an important requirement for the ship building industry, as well as for
many other applications. For example, railroad tracks are always curvature cortinuous, or elsea
moving train would experience sewre jolts. Car bodies are G? smooth, or elsethe reRection of
straight lines would appear to be G°.

While C? continuity is straightforward to attain using Bezer curves(for example, popular design
software such as Adobe lllustrat or use Bezier curves and automatically imposetangert continuity
as you sketch), C? and higher continuity is cumbersone. This is where B-spline curves come in.
B-spline curvescan be thought of asa method for debring a sequenceof degreen Bezier curvesthat
join automatically with C"* 1 cortinuity, regardlessof where the cortr ol points are placed.

Whereas an open string of m Bezier curves of degree n involve nm + 1 distinct control points
(shared control points counted only once), that same string of Bezer curvescan be expressel using
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52 Polar Form

only m+ n B-spline cortr ol points (assuming all neighboring curves are C™ ). The mostimportant
operation you need to understand to have a working knowledge of B-splines is how to extract the
cortitu ent Bezer curves. The tradition al approach to teaching about B-Splines centered on basis
functions and recurrence relations. Experience has shown that polar form (Section 6.1) and knot
intervals (Sedion 6.12) provide students with sudh a working knowledgemore quickly than recurrence
relations.

6.1 Polar Form

Polar form, introduced by Dr. Lyle Ramshaw [Ram87, Ram89b, Ram89c], can be thought of as
simply an alternative method of labeling the cortrol points of a Bezier or B-Spline curve. These
labels are referred to as polar values These notes summarize the properties and applications of
polar form, without delving into derivations. The interested student can study RamshavOgapers.
All of the important algorithms for Bezier and B-spline curves can be derived from the following
four rules for polar values.
1. For adegree n Bezier curve P, ,i(t), the cortrol points arerelabeledP; = P (uy, uz,...uy) where
up = aif j <n—i and otherwiseu; = b. For a degreetwo Bezer curve P (1),

Po=P(a,a); Pi1=P(ab); P2=P(bb).
For a degree three Bezer curve P, (1),
Po= P(a,a,a); Pi=P(aab);

P, = P(a,b,b); P3z= P(bb,b),

and so forth.

P(3.4.5)

P(2,3.4)

P(1,2,3)

P(6,7.8)
P(4.5,6)
P(5,6,7)
P(2,3,3) Knot Vector =[1,2,3,4,5,6,7,8]
(a) Bézier curves with polar labels. (b) B-Spline Curve with Polar Labels

Figure 6.2: Polar Labels.

Figure 6.2.a shows two cubic Bezier curves labeled using polar values The brst curve is debned
over the parameter interval [0, 2] and the se®nd curve is debred over the parameter interval [2, 3].
Note that P(t, t,...,t) is the point on a Bezier curve corresponding to parameter valuet.

2. For a degree n B-spline with a knot vector (see Sedion 6.2) of

[tl, tz, t3, t4, . .],
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Polar Form 53

the argumerts of the polar values consist of groups of n adjacent knots from the knot vector, with
the i polar value being P(t;,...,ti+n 1), asin Figure 6.2b.

3. A polar value is symmetric in its arguments. This meansthat the order of the arguments can be
changedwith out changing the polar value. For example,

P(1,0,0,2) = P(0,1,0,2) = P(0,0,1,2) = P(2,1,0,0), etc.

4. Given P(ug,uz,...,un 1,8) and P(uy,uy,..., Uy 1,b) we can compute P(uq,Usz,...,Un 1,C)
where c is any value:
P(Ul,UZ,...,Unl 1,C) =
(b—c¢)P(ui,uz,...,Upr 1,8) + (c—a)P(ug,Uz,...,Un1 1,0
b—a
P(ui,uz,...,un 1,C€) is said to be an al ne combination of P(uy,U,...,Un 1,8) and P(uy, Uy,

..., Unr 1,b). For example,
P@O,t,1)= 1-1t) xP(0,0,1)+ t x P(0,1,1),
4-1t)xP(0,2)+ (t—2) x P(0,4)

P(O.1) = d
P23 = 12-0xP@13tL)+ (t-t)xP@ 2Lt
(t2 —t1)

What this meansgeometrically is that if you vary one parameter of a polar value while holding all
others constant, the polar value will sweep out a line at a constant velocity, asin Figure 6.3.

Figure 6.3: A! ne map property of polar values.

6.1.1 Subdivision of Bezier Curv es

To illustrate how polar values work, we now show how to derive the de Cadeljau algorithm using
only the brst three rulesfor polar values

Given a cubic Bezer curve P 1;(t), we wish to split it into Pg; and P; 1;. The cortrol points
of the original curve are labeled

P(,0,0), P(0,01), P(0,1,1), P(1,11).
The subdivision problem amourts to bPnding polar values

P(,0,0), P(0,0,t), P(O,t,t), P(t 1),
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54 Knot Vedors

and
P t,t), P(t1), P(11), P@{,11).

These new cortr ol points can be derived by applying the symmetry and al ne map rules for polar
values. Refering to Figure 6.4, we can compute

STEP 1.
P(0,0,t) = (1 —t) x P(0,0,0) + (t — 0) x P(0,0, 1);
P(0,1,t) = (1 —t) x P(0,0,1) + (t — 0) x P(0, 1, 1);
P(t,1,1)= (1 —t) x P(0,1,1) + (t — 0) x P(1, 1, 1).
STEP 2.
P(0,t,t) = (1 —t) x P(0,0,t) + (t —0) x P(0,t, 1);
P(1,t,t) = (1—t) x P(0,t,1)+ (t —0) x P(t, 1, 1);
STEP 3.

P t,t)= (1 —-t) x P(O,t,t) + (t —0) x P(t,t,1);

P(0,1,1)

P(0,0,1) © 1)

P(®) = P(t,t,0) - P(t.1,1)
P(0,0,t)Q

| P(1) = P(1,1,1)
P(0) = P(0.0.0)
t=.6

Figure 6.4: Subdividing a cubic Bezier curve.

6.2 Knot Vectors

A knot vedor is a list of parameter values or knots, that specify the parameter intervals for the
individual Bezer curvesthat make up a B-spline. For example, if a cubic B-spline is comprised of
four Beziercurveswith parameter intervals [1, 2], [2, 4], [4, 5], and [5, 8], the knot vector would be

[t01 tlv 15 25 41 51 81 t7| t8]

Notice that there aretwo (one less than the degree) extra knots prepended and appendedto the knot
vedor. Theseknots cortrol the end conditions of the B-spline curve, as discus®&d in Section 6.6.
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Extractin g Bezer Curves from B-splines 55

For historical reasons, knot vectors are tradition ally desaibed asrequiring n end-condtion knots,
and in the real world you will always Pnd a (meaningless) additi onal knot at the beginning and end
of a knot veaor. For example, the knot vector in Figure 6.2.b would be [to,1,2,3,4,5,6,7,8,tg],
where the values of t, and tg have absoluely no €'ect on the curve. Therefore, we ignore these
dummy knot valuesin our discusson, but be aware that they appear in B-spline literatu re and
software.

Obviously, a knot vedor must be non-deaeasing sequenceof real numbers. If any knot value is
repeated, it is referred to as a multipl e knot. More on that in Section 6.4. A B-spline curve whose
knot vedor is evenly spaced is known asa uniform B-spline. If the knot vector is not evenly space,
the curve is called a non-uniform B-spline.

6.3 Extracting Bezier Curves from B-splines

We are now ready to discuss the central practical issue for B-splines, namdy, how does one bnd
the control points for the Bezer curvesthat make up a B-spline. This procedure is often called the
Behm algorithm after Professor Wolfgang Behm [B81].

Consider the B-spline in Figure 6.2.b consisting of Bezer curves over domains [3, 4], [4, 5], and
[5,6]. The control points of those three Bezig curves have polar values

P@3,3,3), P(3,3,4), P(3,44), P444

P@4,4,4), P(4,4,5), P(4,55), P(5,55)
P(.,55), P(5,56), P(,6,6), P(6,6,6)

repedivly. Our puzzle is to apply the al ne and symmetry properties to bnd those polar values
given the B-spline polar values.

For the Bezier curve over [3, 4], we brst bnd that P (3, 3,4) is 1/ 3 of the way from P(2,3,4) to
P(5,3,4)= P(3,4,5). Likewise, P(3,4,4) is 2/ 3 of the way from P (3,4,2) = P(2,3,4) to P(3,4,5).
SeeFigure 6.5.a.

P(4,5,6)
P(5.6.7) P(5.6,7)
Knot Vector = [1,2,3,4,5,6,7,8] Knot Vector =[1,2,3,4,5,6,7,8]
(a) First Step. (b) Second Step.

Figure 6.5: Behm algorith m.

Before we can locate P(3, 3,3) and P (4,4, 4), we must bnd the auxilliary points P(3,2,3) (2/3
of the way from P(1,2,3) to P(4,2,3)) and P(4,4,5) (2/ 3 of the way from P (3,4,5) to P (6, 4,5))
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56 Multipl e knots

as shown in Figure 6.5.b. Finally, P (3, 3,3) is seen to be half way between P (3, 2,3) and P (3, 3,4),
and P (4,4, 4) is seento be half way between P (3,4,4) and P (4, 4,5).

Note that the four Bezier cortr ol points were derived from exactly four B-spline cortr ol points;
P(5,6,7) and P (6, 7,8) were not involved. This means that P(5,6,7) and P (6, 7,8) can be moved
without a"ecting the Bezie curve over [3,4]. In general, the Bezier curve over [tj,tj+1] is only
inBuenced by B-spline cortrol points that have t; or ti.; asone of the polar value parameters. For
this reason, B-splines are said to posess the property of local control, sinceany given cortr ol point
can infuenceat mogs n curve segments.

6.4 Mul tiple knots

If a knot vector cortains two identical non-end-condtion knots t; = tj.;, the B-spline can be
thought of as containing a zero-length Bezieg curve over [t;,tj+1 ]. Figure 6.6 shows what happens
when two knots are moved together. The Bezier curve over the degenerate interval [5, 5] has polar
valuesP (5,5,5), P(5,5,5), P(5,5,5), P(5,5,5), which is merely the single point P (5, 5,5). It canbe

PP(3,5,5)

P(2,3,4.5) OP(3,4.5,5P(2,3,4.9) OP(3,4.9,5) P(2,3,5)

s

0T P(4.5,5,6)

P(4.9,5,6)

P(5,6,7)
Knot Vector =[1,2,3,4.5,5,6,7,8] Knot Vector =[1,2,3,4.9,5,6,7,8] Knot Vector =[1,2,3,5,5,6,7,8]

Figure 6.6: Double knot.

shown that a multi ple knot diminishesthe continuity between adjacent Bezier curves The contin uity
acrossa knot of multi plicity k is gererally n — k.

6.5 Periodic B-splines

A periodic B-spline is a B-spline which closeson itself. This requiresthat the brst n control points
are identical to the lag n, and the brst n parameer intervals in the knot vector are identical to the
last n intervals asin Figure 6.7.a.

6.6 Bezier end conditi ons

We earlier noted that a knot vector always hasn — 1 extra knots at the beginning and end which
do not signify Bezer parameter limits (except in the periodic casg, but which inBuence the shape
of the curve at its ends. In the case of an open (i.e., non-periodic) B-spline, one usually chooses
an n-fold knot at eat end. This imposes a Bezer behavior on the end of the B-spling, in that the
curve interpolates the end cortr ol points and is tangent to the control polygon at its endpoints. One
can verify this by noting that to convert such a B-spline into Bezier curves the two control points
at each end are already in Bezer form. This is illustrated in Figure 6.7.b.
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P(0,1,3)

P(11,12,14)

P(10,11,12) OP(4,5,7) P(0,0,1)

P(3,4,5

t=4,11

S d P(1,3,4)
p7.810) rO78) P(3,4.4)

Knot Vector=[13457 81011 12 14]

Knot Vector = [0,0,0,1,3,4,4,4]

(a) Periodic B-Spline. (b) Bézier End Conditions.

Figure 6.7: Special B-Spline Curves

6.7 Knot inserti on

A standard designtool for B-splinesis knot insertion. In the knot insertion process, a knot is added
to the knot vector of a given B-spline. This results in an additi onal cortrol point and a modibcation
of a few existing control points. The end reault is a curve debred by a larger number of control
points, but which dePnesexactly the same curve as before knot insertion.

Knot insetion has several applications. One is the de Boor algorithm for evaluating a B-spline
(discussel in the next sedion). Another application is to provide a designerwith the ability to add
local details to a B-spline. Knot insertion provides more local control by isolating a region to be
modibedfrom the res of the curve, which thereby becomes immune from the local modibcation.

Consider adding a knot at t = 2 for the B-spline in Figure ??. As shown in Figure 6.8.a,this in-
volvesreplacing P (0, 1, 3) and P (1, 3,4) with P(0,1,2), P(1,2,3), and P (2, 3,4). Figure 6.8.b shows
the new set of contr ol points, which are easily obtained using the a! ne and symmetry properties of
polar values.

P(0,1,3)
Initial After Knot Insertion
Knot Vector: [(0,0,0,1,3,4,4,4)] [(0,0,0,1,2,3,4,4,4)] P(0,0.1
Control Points: P(0,0,0) P(0,0,0)
P(0,0,1) P(0,0,1) P(1,2,3)
P(0,1,2) P(0,0,0%=
P(0,1,3)
P(1,2,3) P(4.4.4
P(1,3,4) P(3,4,4
P(2,3,4) P(2,3,4) P(1.3.4)
P(3,4,4) P(3,4,4) Old Knot Vector = [0,0,0,1,3,4,4,4]
P(4,4,4) P(4,4,4) New Knot Vector = [0,0,0,1,2,3,4,4,4]
(a) Knots and Polar Labels. (b) Control Points.

Figure 6.8: Knot Insertion.

Note that the continuity att = 2is C" .
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58 The de Boor algorithm

P©0,1,2) P(0,1,3)

P(0,0,1)
P(1,2,2)

P(2,2.2)
P(2,2,3)

P(0,0,0)
P4.4.4)

P(3.44) P(1,3,4)

P(2,3.4)

Old Knot Vector = [0,0,0,1,3,4,4,4]
New Knot Vector = [0,0,0,1,2,2,2,3,4,4,4]

Figure 6.9: De Boor algorithm.

6.8 The de Boor algorit hm

The de Boor algorithm provides a method for evaluating a B-spline curve. That is, given a parameter
value, bnd the point on the B-spline corresponding to that parameter value.
Any point on a B-spline P (t) hasa polar value P (1, t, ..., t), and we can bnd it by inseting knot
t n times. This is the de Boor algorithm. Using polar forms, the algorithm is easy to bgure out.
The de Boor algorithm is illustrated in Figure 6.9.

6.9 Explicit B-splines

Section 2.11 discuses explicit Bezer curves, or curves for which x(t) = t. We can likewise locate
B-spline control points in such a way that x(t) = t. The x coordinates for an explicit B-spline are
known as Greville abscesae For a degree n B-spline with m knots in the knot vedor, the Greville
abscisaeare given by

1 .
Xj = ﬁ(ti+ti+l+---+ti+n! 1); 1=0...m—n. (6.1)

6.10 B-spline hodographs

The brst derivative (or hodograph) of a B-spline is obtained in a manner similar to that for Bezer
curves. The hodograph hasthe same knot vector asthe given B-spline except that the brst and last
knots are discarded. The control points are given by the equation

o n(Pi+1 —Pi)

H 6.2
' tien — 1 ©-2)

where n is the degree.

6.11 Symmetric polyno mials

We introduced polar form as simply a labeling scheme, with rules debned for creating new cortrol
points with di" erent labels. As we have seen, this level of understanding is su! cient to perform
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many of the basic operations on B-Spline curves Howewer, there is some beautiful mathematics
behind these labels, basel on symmetric polynomials.
A symméric polynomial represerts a degree m polynomial in one variable, p(t), asa polynomial

in n > m variables p[ty,...,ty], that is degreeone in ead of those variables and such that
plt, ..., t] = p(t).
p[ti,...,tn] is said to be symmetric becausethe value of the polynomial will not change if the

arguments are permuted. For example, if n = 3, p[a, b,c] = p[b,c,a] = p[c,a,b] etc.
A symmetric polynomial hasthe form

In

plty,....th] = Gpilty, .- tnl
i=0
where
n
iz P alts, ot e, ta]
=1 4P j j :
pO[tly---,tn]:]-; pi[tlv'-'ytn]: ! n y | = 1,n
For example,
plt1] = Co + City,
1+ to
plti, to] = o+ C1 + Cotyta,
1+ tr+ t3 ity + tyts + ot
plt1,t2,t3] = G + C1 3 + 0 3 + Catitots,
and 1 +to+t3+t 1t + tits + 1114 + totz + toly + t3t
1ttt ts+ 1y wlo + itz + t1fy + otz + toly + {31y
plti,ta,t3,t4] = o+ ¢y 7 +C 6
titotg + t1toty + ttsty + totat
gyitels 1244 wtala + tolsle |0t ttata,

The symmeric polynomial bty ...t,] for which p[t, ...t] = p(t) is referred to asthe polar form or
blossom of p(t).

Example Find the polar form of p(t) = t® + 6t% + 3t + 1.
Answer: p[tlytZ.tS] =1+ 3t1+t§+I3 + 6t1tz+t1§3+tzt3 + titots.

Theor em For every degree m polynomial p(t) there exists a unique symmetric polynomial p[ty, ..., t,]
of degreen > m sudh that p[t, ...,t] = p(t). Furthermore,the coe! cients b of the degreen Bernstein
polynomial over the interval [a, b] are

b= Pl3 g0, B g0sl

n!i i

Example Convert p(t) = t3+ 6t2+ 3t+ 1 to a degree3 Bernstein polynomial over the interval [0, 1].
We usethe polar form of p(t): pt,to,tg] = 1+ 3htiztle 4 gliletlile* LI 4 ¢t5t5. Then,

b = p[0,0,0]=1, b =p0,01]=21,=p011]=5hb=p111]= 11
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6.12 Knot Intervals

B-spline curves are typically spedbedin terms of a s& of control points, a knot vedor, and a
degree.Knot information can also be imposel on a B-spline curve using knot intervals, intr oduced
in [SZS598] as a way to assign knot information to subdivision surfaces A knot interval is the
di" erencebetweentwo adjacent knots in a knot vedor, i.e., the parameter length of a B-spline curve
sggment. For even-degres B-spline curves, a knot interval is assgnedto ead cortrol point, since each
cortrol point in an even-degres B-spline correponds to a curve sggment. For odd-degres B-spline
curves, a knot interval is assigned to ead control polygon edge sincein this case eat edge of the
cortrol polygon maps to a curve sggmert.

While knot intervals are badcally just an alternative notation for representin g knot vedors, knot
intervals 0" er some nice advantages. For example, knot interval notation is more closely coupled to
the control polygon than is knot vedor notation. Thus, knot intervals have more geomnetric meaning
than knot vectors, sincethe €' ect of altering a knot interval can be more easly predicted. Knot
intervals are parti cularly well suited for periodic B-splines.

Knot intervals contain all of the information that a knot vedor contains, with the exception
of a knot origin. This is not a problem, since the appeararce of a B-spline curve is invariant
under linear transformation of the knot vectorNthat is, if you add any constant to each knot the
curveOsppearance does not change. B-splines originated in the beld of approximation theory and
were initially usedto approximate functions. In that context, parameter valuesare important, and
hence,knot valuesare signibcarnt. However, in curve and surface shape desgn, we are almos never
concened about absolute parameter values

For odd-degree B-spline curves, the knot interval d; is assignedto the cortrol polygon edge
PiN P;i,1. For even-degree B-spline curves, knot interval d; is assigned to cortrol point P;. Each
vertex (for even degree) or edge (for odd degreg has exactly one knot interval. If the B-spline is
not periodic, ;1 Oendcondition Oknot intervals must be assignedpast eac of the two end control
points. They can simply be writt en adjacent to OplrantomO edgesor vertices sketched adjacert to
the end cortrol points; the geometric positions of thosephantom edges or verticesare immaterial.

P(3,4,6)
P(2,3,4)

P(1,2,3)
P(9,10,11

P(4,6,9) b
4

P(6,9,10) d3=3

Knot Vector =[1,2,3,4,6,9,10,11] Knot Vector = [1,2,3,4,6,9,10,11]

Figure 6.10: Sample cubic B-spline

Figure 6.10 shows a cubic B-spline curve. The cortrol points in Figure 6.10.a are labeled with
polar values, and Figure 6.10b shaws the control polygon edgeslabeled with knot intervals. End-
condition knots require that we hang one knot interval 0" each end of the cortrol polygon. Note
the relationship between the knot vedor and the knot intervals: Each knot interval is the di" erence
between two conseutive knots in the knot vector.

For periodic B-splines thin gs are even simpler, since we don® need to deal with end condition's.
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Figure 6.11 shows two cubic periodic B-splines labelled with knot intervals. In this example, note

Figure 6.11: Periodic B-splines labelled with knot intervals

that asknot interval d; changesfrom 1to 3, thelength of the corresponding curve segment increases

Figure 6.12: Periodic B-splines with double and triple knots.

Figure 6.12 shows two periodic B-splineswith a double knot (imposel by seting dp = 0) and a
tri ple knot (set dgp = d; = 0).

In order to determine formulae for operations such as knot insertion in terms of knot intervals,
it is helpful to infer polar labelsfor the contr ol points. Polar algebra[Ram89a]can then be usedto
create the desired formula. The arguments of the polar labels are sums of knot intervals. We are
free to choose any knot origin. For the examplein Figure 6.13, we choose the knot origin to coincide
with cortrol points Po. Then the polar valuesare as shown in Figure 6.13.b.

The following subsedions shav how to perform knot insertion and interval halving, and how
to compute hodographs using knot intervals. These formulae can be veribed using polar labels.
The expressons for these operations written in terms of knot vectors can be found, for example,
in [HL93].

6.12.1 Knot Inserti on

Recall from Sedion 6.7 that knot insetion is a fundamental operation whereby control points are
added to a B-Spline control polygon without changing the curve. In Sedion 6.7, knot insetion
is discussed in terms of knot vectors and polar form. We can perform knot insertion using knot
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f(0,dp.dy+dy)

Figure 6.13: Inferring polar labels from knot intervals.

intervals, as well. In fact, the construction algorithm is perhaps even easier to remenber and to
carry out than the polar form construction.

Using knot intervals, it is more natural to speak of interval splitting than of knot insertion. For
example, Figure 6.14 shaws a cubic periodic B-Spline in which the red knot interval is split into two
knot intervals that sum to the original knot interval. The only question we need to address is, how
can we compute the Cartesian coordinates of the white control points in Figure 6.14.b.

(a) Periodic Cubic B-Spline Labeled with Knot In- (b) Splitting Interval 3 into Intervals 1 and 2.
tervals.

Figure 6.14: Knot Insertion using Knot Intervals.

Figure 6.15ill ustrates how to compute those cortr ol points. Split the white, red, and green edges
of the control polygon into three segmerts eat whose lengths are proportional to the neighboring
knot intervals, as shown in Figure 6.15a. Each of those three edgescontains a segnent labeled
with a red 03.C8plit each of those segnents into two pieces whose lengths are proportional to 1:2,
as shown in Figure 6.15.b. This producesthe three desired control points. Figure 6.16 shows the
procedure for splittin g the interval O30nto two equal intervals.

An important spedal caseinvolvesinserting a zero knot interval. In knot vedor jargon, thisis
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(a) Dividing Edges of the Control Polygon into Three (b) Splitting Intervals Labeled with a 3 into Intervals
Segments Whose Lengths are Proportional to the 1 and 2.
Neighboring Knot Intervals.

Figure 6.15: Olrterval Splittin gOusing Knot Intervals.

(a) Splitting the Interval Labeled with a 3 into In- (b) Construction.
tervals 1.5 and 1.5.

Figure 6.16: Olrterval Splittin gOusing Knot Intervals.

T. W. Sederb erg, Computer Aided Geometric Design Course No tes Apr il 6, 2007



64 Knot Intervals

the sameasinserting a double knot. In knot interval jargon, we can say that we are splittin g a knot
interval into two intervals, one of which is zero, and the other of which is the original knot interval.
This special caseis illustrated in Figure 6.17a and Figure 6.17b. If we repeat this operation three
more times, arriving at the knot interval conbpguration shown in Figure 6.17.c,we uncover the Bezer
cortrol points for the red Bezier curve. The reasonfor this will be clear if you recall that a Bezer
curveis a spedal cas of B-Spline curve with knot vedor [a,a, a, b,b,b]. Converting from knot vedor
to knot interval notation, we seethat the two pairs of adjacent zero knot interval in Figure 6.17.c
represent two sets of triple knots in the knot vector.

(a) Splitting the Interval La- (b) Construction. (c) Bézier control points.
beled with a 3 into Intervals 3
and 0.

Figure 6.17: Introducing Zero Knot Intervals.

6.12.2 Interval Halving

Subdivision surfaces such asthe Catmull-Clark scheme are basal on the notion of inserting a knot
half way between each existing pair of knots in a knot vedor. These methods are typically redricted
to uniform knot vectors. Knot intervals help to generalize this technique to non-uniform B-splines
Using knot intervals, we canthink of thi s processascuttin g in half eat knot interval. For a quadratic
non-uniform B-spline, the interval halving procedure is a generalzation of ChaikinOsalgorithm, but
the placement of the new control points becoresa functi on of the knot interval values If eat knot
interval is cut in halve, the reaultin g control polygon has twice as many cortrol points, and their
coordinates Qi are:

(di + 2di41 )P + diPiw1

Qa = 2(d + dh)
. _ i P+ (2di + dis1 )Pina
Q2|+1 - 2(di + di+1) (63)

asillustrated in Figure 6.18.

For non-uniform cubic periodic B-spline curves, interval halving produces a new cortr ol point
correponding to ead edge,and a new control point corresponding to ead original cortr ol point.
The eguations for the new control points Q generatedby interval halving are:

Qaivr = (di + 2di+1 )P + (d + 2diy 1)Pi+1
2 2(diy 1+ di + diva)

_ GiQoiy 1+ (diy 1 + di)Pi + diy 1Q2ia
2(diy 1 + di)

(6.4)

Q2

(6.5)
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Figure 6.18: Interval halving for a non-uniform quadratic B-spline curve.

as shown in Figure 6.19.

Figure 6.19: Interval halving for a non-uniform cubic B-spline curve.

Note that each new knot interval is half aslarge asits parert.

6.12.3 Degree-Two B-Spli nes using Knot Intervals

For any odd-degree B-Spline curve, the knot intervals are assaiated with the edges of the cortrol
polygon. For even-degree the knot intervals are assciated with the control points. Figure 6.20
shows two quadratic B-Splineswith di" erent knot intervals.

1 2

(a) Example 1. (b) Example with Zero Knot Interval.
Figure 6.20: Quadrati c B-Spline Curves.
Figure 6.21 illustrates how to perform interval splitting for a quadratic B-Spline. Figure 6.22
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1 2

(a) Splitting the Knot Interval 3 into two (b) Construction for the Interval Splitting.
equal knot intervals.

Figure 6.21: Interval Splittin g of a Quadratic B-Spline Curve.

illustrates how to split 0" a zero-knot interval on a quadratic B-Spline. To bnd the Bezer cortrol
points in a quadratic B-Spline, it sul cesto insert a single zero knot interval on each side of a
non-zero knot interval.

1 2

(a) Splitting the Knot Interval 3 into two (b) Construction for the Interval Splitting.
equal knot intervals.

Figure 6.22: Interval Splittin g of a Quadratic B-Spline Curve.

6.12.4 Hodographs

Section 2.7 discusse the hodograph of a polynomial Bezier curve. The hodograph of a polynomial
B-Spline curve can be constructed in a similar manner.

Figure 6.23shows a cubic B-Spline curve and its hodograph, represerted asa degreetwo B-Spline
curve. Note the relationship between the knot vedors in the original curve and in its hodograph.
The cortrol points for the hodograph are found in a manner similar to the cortrol points for a Bezer
hodograph.
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Hodograph

Figure 6.23: Hodograph of a Degree3 Polynomial B-Spline Curve.

(b)

Figure 6.24: Finding the Contr ol Points of a B-Spline Hodograph.

The exad formula for the control points, asillustrated in Figure 6.24, is as follows. The hodo-
graph of a degreen B-spline P (t) with knot intervals d; and control points P; is a B-spline of degree
n — 1 with the sameknot intervals d; and with control points Q; where

Qi = c(Pis —Pi). (6.6)

The sale factor ¢ is the inverse of the averagevalue of n neighboring knot intervals. Specibcally if
the curve is even-degree n = 2m, then

n
dit m+1 + ...+ divm

and if the curve is odd degreen = 2m + 1

G =

_ n
di!m"'---"’di+m

G

6.12.5 Degree elevation
Ramshaw [Ram89a] presented an elegart insight into degree elevation using polar form. The sym-
metry property of polar labels demands that

f@+fb.
>

f(a,b+ f(ac)+f(boc.

f(a,b) = 3 ;

f(a,b,c) =

(6.7)

T. W. Sederb erg, Computer Aided Geometric Design Course No tes Apr il 6, 2007



68 Knot Intervals

f(ab.cd) = f(a,b,c) + f(a,b,d)zf(a,c,d) + f (b,c, d); ot 6.8)

The procedure of degreeelewation on a periodic B-spline that is labeled using knot intervals
reaults in two €"ects. First, an additional control point is introduced for each curve segnert.
Second if the sequence of knot intervals is initially d;, d,,ds, ..., the sequerce of knot intervals on
the degreeelevated contr ol polygon will be d;,0,d5,0,d3,0,.... The zeroes must be added because
degreeelewation raisesth e degree of ead curve segment without raising the contin uity between curve
segments,

Degreeelewation of a degreeone B-spline is simple: merely insat a new control point on the
midpoint of each edge of the cortrol polygon. The knot intervals are as shown in Figures6.25.aand

d P P
1 Pl 2 d2 P] 2 0 2 d2
P 23
! PIO
dy 0
Py
P
Py P, P, 32
do d3 05 ds
dy 3 0 Py
a. Degree one B-spline b. Degree elevation of (a.) c. Degree two B-spline b. Degree elevation of (c.)

Figure 6.25: Degree elevating a degreeone and degres two B-spline.

Degreeelevation for a degree two B-spline is illustrat ed in Figures6.25.cand d. T he new control
points are:

(2d; + 3dj)Pi + din
Piyj =

3di + 3dj (6.9)

P
1 dO
a. Cubic B-spline. b. Degree elevated.

Figure 6.26: Degree elevating a degreethree B-spline.

Figure 6.26 ill ustrates degree elevation from degree three to four. The equdions for the new
cortrol points are:
(di + 2di41)Pi + (2diy 1 + di)Pivg

Pirw = 2(diy 1+ di + di+1)
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_ d P, L+ diy 2+ dit 1 + di + di+1 N 1( P+ dir 1
4(di 2+ dii 1+ di) 4(diy 1+ di + div1)

Qi

— P.+
4(di 2+ di 1+ di)  A(dy g+ di+diva) 2 s

6.13 B-spline Basis Functi ons

B-spline bads functions can be debned the following recurrencerelations. In approximation theory,
the basisfuncti ons themsdves are referred to as B-splines.

A degree zeroB-spline curve is debned over the interval [t;, tj+; ] using one cortr ol point, Pg. Its
basis function, which we will denote B?(t) is the step function

) )
oy — L oift St <ty
() = 0 otherwise

The curve BY(t)P, consigs of the discrete point Py.
Blending functions for higher degree B-splines are debned using the recurrence relation:

BE(t) = wf (B *(t) + (1 — wiy ())BL (M) (6.10)
where ) 0 ..
kiy= et M7 livkn
wi (1) 0 otherwise

A degreeone B-spline curve is deed over the interval [t;, tj.+; ] using two control points, which
we will denote as polar valuesP (t;) and P(tj+1 ). The curveis simply the line segmert joining the
two cortrol points:

tizg —t t—t;
P() = = ——P(ti)+ ———P(tis).
tivr — tivr — 1
A single degreen B-spline curve segnent debred over the interval [tj,ti+; ] with knot vedor

{... ti 1,ti, tj+1,ti+2, ...} hasn+ 1 control points written as polar values
P(tiszrn, - onti)y oo, P(tivz, ..y tien)
and blending functions B{" (t) which are obtained from equaion 6.10. The equation for the curveis:

_p+i
P)= Bl n(OP ezt n,eennty) (6.11)
j=i

6.13.1 B-Spl ine Basis-Functi ons as Explicit B-Spline Curves

B-Spline basisfunctions can also be represenedas explicit B-Spline curves (Section 6.9).

B (t) is the y-coordinates the curve in Figure 6.28. Those y-coordinates are easly evaluated in
the same manner asyou would evaluate a point on any B-Spline curve. Note that the y-coordinates
of the cortrol points of this explicit B-Spline curve are all zero, except for the control point whose
basisfunction we dedre.

If we now ewvaluate a point on this explicit B-Spline curve using the knot-interval version of the
de Boor algorithm, we arrive at the following equations for the B-Spline bass function in Figure ??.
Fort € [ty,t2]:

(t —t1)3

B(H= (ta —ta)(ts —ta)(t2 —t1)

(6.12)
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Figure 6.27: Sample Cubic B-Spline Curve.

Figure 6.28: B-Spline Basis Function for Control Point P; in Figure 6.27.

Fort e [tz,tg]:

(t —t2)?(ts — t) N (t —t2)(t —t1)(ts — 1) N (tz — t)(t — t1)?

B(t) = (ts —to)(ta — t2)(ts — t2)  (ta —t1)(ta —to)(ts —ta)  (ta — t1)(t3 — t1)(tz — t2) (6.13)
Fort € [ts, ta]:
S Vi (0 (ts — (s —{(t —t2) (t — ta)(ts — 1)?
B = (ta —t1)(ta — t2)(ta — t3) * (ts — t2)(ta — t2)(ts —t3) * (ts — t2)(ts — ta)(ta — tg) (6.14)
For t € [ta, ts]: .
BV = o= (6.15)

(ts — t2)(ts — t3)(ts — ta)
These four polynomials are C?, with

6
(t3 —t1)(ts —t1)’

3(t2 —t1)

B#(tl) = B#ittl) =0, B#(tZ) = (tz3 —t)(tg —t1)’

B*tz) =
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3(t1(t2 —t3) —tatz + taty + t3ts — tats)
(t1 —ta)(t2 — ta)(t2 — ts)
3(ts —t4) 6

(ts — tp)(ts — t3)’ (ts — t2)(ts — t3)

We can likewise express B(t) in terms of knot intervals. To do so, we paramerize eadh of the
four segments using t € [0, 1].

6(ty + to —ts —ts)
(tg — ta)(ta — t2)(t2 — ts5)

B(ts) = , Bfts) =

B(ts) = B*{ts) =
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